We study the effective action in 2D dilaton-Maxwell quantum gravity. Working with the one-loop renormalizable subset of such theories, we construct the improved effective Lagrangian which contains curvature under logarithm. The static black holes (BH) solutions which may play the role of a remnant after the Hawking radiation for such an effective theory are carefully investigated. The effective Lagrangian for Gross-Neveu-dilaton gravity is also constructed (in 1/N expansion).
Introduction
There was recently much of interest in the study of 2D dilatonic gravity and its BH solutions (see refs. [1] - [8] ).
At the beginning of their study it has been often claimed that such models provide solvable toy models of quantum gravity and the Hawking radiation. Unfortunately, it has become nowdays clear that 2D dilatonic gravity is not much easier than corresponding higher dimensional theories.
Usual Lagrangians for 2D dilatonic gravities are stringy-motivated theories. It often happens that their Lagrangians are taken simply by hands. In such circumstances, it could be of interest to study some classes of dilatonic gravities which are selected by some principle. In this work, we suggest to start from the (one-loop) renormalizable subset of 2D dilatonic gravity which induces the effective Lagrangian on quantum level. It is quite reasonable as we are interesting generally speaking in renormalizable quantum gravity (forgetting about string paradigm). Then we study static BH solutions for such an effective Lagrangian. At the next section, we work with general version of 2D dilaton-Mawxwell gravity and find the improved effective Lagragian and its static BH solutions. Section 3 is devoted to the discussion of the same question in 2D dilaton gravity interacting with Gross-Neveu model. Here 1/N expansion scheme is adopted.
Effective Lagrangian and static BH
We now start with the general version of two-dimensional dilaton-Maxwell gravity with the action
where ϕ is dilaton, Z(ϕ), C(ϕ), V (ϕ), f 1 (ϕ) are dilaton-depending functions. The theory with the action (1) (without electro-magnetic sector) has been introduced in refs. [1] and [2] where its one-loop structure has been found. In addition, the question of quantum equivalence of different models from class (1) as well as gauge dependence of effective action (EA) or calculation of gauge-fixing independent EA have been studied in [6] . We will be interesting here in the one-loop renormalizable subset of the theory (1) . As it has been shown in refs. [6] one can make the one-loop renormalization transformation of the metric
As we see only trace part of metric should be renormalized in two-dimensional dilaton-Maxwell gravity. In this case the renormalized effective action is given as [6] (the Lorentz gauge condition is used)
where ǫ = 2π(n − 2). The easy check shows that the theory under consideration will be one-loop renormalizable in usual sense for the following potentials:
where a and b are the arbitrary constants. One interesting variant of the model (1) is given by the choice of Z(ϕ) = 0. In this case
and
The set of renormalizable potentials is given as following
At the next step, we will write the explicit expressions for effective Lagrangian in above two cases. Note that because only trace part of metric tensor is transformed under renormalization (2) , one can show that corresponding β-function of metric tensor is zero (see [1] , for example).
Using the fact that theory is one-loop renormalizable one can apply the standard renormalization group considerations in curved space-time (see, for introduction [9] ), one can find the effective Lagrangian as the following (in the background field method, we consider the background fields to be:
where we suppose that C(ϕ)R is biggest from background fields and dilatonic functions, then t ∼ ln
(C(ϕ)R under ln should be understood to be the absolute value of it when it is negative.). Note that in effective Lagrangian (8) we actually take into account the leading logarithm of one-loop approximation like in [10] .
Thus as a result of quantum effects the action of the theory is getting the form:
In the following, we consider the case for simplicity
Then the effective action is given by
This will be starting point for the study of static black holes in such a theory which we consider as classical gravity theory. In the conformal gauge
the equations of motion are given by
The first equation (15) is obtained by the variation of ϕ, the second one (16) by that of g +− and the third one (17) by g ±± . Here we have used the fact that the variation of the scalar curvature, which has the following form in the conformal gauge
is given by
Equation (17) is integrated to be
Here α ± (x ∓ ) are arbitrary functions. Therefore we obtain
By using the residual symmetry in the conformal gauge
(Here f ± (x ∓ ) are arbitrary functions.), we can choose a coordinate system where (α
Here α ± are constants. Equation (24) tells that ρ is a function of the only one coordinate x = α + x − + αx − . If x is time(space)-like, we can identify x with the time (space) coordinate t (r) and the solution expresses the uniform (static) space-time. Now since we are interested in static solution, we replace ∂ ± in Eqs. (15), (16) and (17) ∂ r and we obtain
Here the scalar curvature R is given by
Equation (27) can be integrated to be
Here α is a constant. By substituting (29) into (26), we obtain
The special solution where
can be found. When α = 0, from the equation (30) we obtain
By substituting the equation (32) into (25) 
This tells that ϕ is a constant
The solution ϕ 0 exists when
or a < 0 and − m 2 a
By using (32), we find that the scalar curvature R is a constant
ρ satisfies, due to Eqs. (28) and (37),
Equation (38) is integrated to be
Here C is a constant. The solutions of Equation (39) are given by
(When CR 0 < 0, tan
If we define new coordinates ζ ± when CR 0 < 0 by
the metric tensor is given by
If we change the role of the time coordinate t and the space coordinate r, we obtain the uniform solution and the metric (43) expresses the de Sitter or the anti-de Sitter universe with the constant curvature. The temperature of the obtained static object vanishes since |e 2ρ | ≥ |C| in Equation (40) and e 2ρ cannot vanish. Therefore the static solution could be a remnant after the Hawking radiation.
In the following, we consider the Maxwell-dilaton gravity, as another interesting model, with
We now assume that e −bϕ F 2 µν is the biggest background field, therefore
(f 1 (ϕ)F 2 µν under ln should be understood to be the absolute value of it when it is negative.) Then the effective action is given by
3 The Maxwell-dilaton gravity with
is classically solvable and the quantum effect was studyied in Refs. [8] .
and the equations of motion are given by
Here
The last equation (51) is given by the variation of the gauge fields A ± and tells that
By the argument similar to the previous one in Eqs. (20) ∼ (24), Eq.(50) tells the solution is static or uniform. When we assume that the solution is static, the equations of motion has the following form;
Equation (56) can be integrated to be
(α is a constant.) Therefore if
ϕ is a constant and F 2 µν is also a constant due to Equation (53). In the following, we consider the following case
for simplicity. Then by using Equations (53) and (55), we find
By substituting (63) into (54), we find
Therefore the scalar curvature is a constant
The solution for the constant curvature is given in Eq.(40). For general β, a and b, the qualitive nature of the solution does not change.
Effective Lagrangian in dilaton gravity with Gross-Neveu model
Let us consider now Gross-Neveu model [11] interacting with dilaton gravity (13)
where λ is the four-fermion coupling constant, ψ is N-component spinor and σ is the auxiliary field. It is quite well-known that theory under discussion, is asymptotically free in 1/N-expansion in flat space-time. Note also that one can add to (66) Maxwell term without any problems. However, it doesn't interact explicitly with fermions, hence it actually doesn't influence the dynamics of the theory. We are going to discuss the theory with the action (1) in semi-classical approach, working in 1/N-expansion and supposing that curvature is constant.
Then we should add to the action (66) conformal anomaly term [5, 8] 
where Z is the auxiliary scalar field. Also, in the leading order of 1/Nexpansion, dilatonic quantum effects are subleading. The leading term which should be added to (66) is given by Gross-Neveu effective potential in constant positive curvature space-time [12] ;
where tr1 = 2, Ψ(z) is logarithmic derivative of Γ-function. Working with the action
in the same way as it has been done in [13] , we may again find static BH solutions of the same sort as above. Their qualitative structure is the same as above, so we do not discuss them in detail. It is very interesting to note that one can make renormalization group (RG) improvement of S V (68) due to renormalizability and asymptotic freedom. One has only change the coupling constant (λ = Ng 2 ) in the effective action by the running coupling constant;
where t is RG parameter. Working in the regime of strong curvature, t = ln R µ 2 . Hence, asymptotic freedom in Gross-Neveu model is induced by BH curvature. Stronger BH curvature induces stronger asymptotic freedom as in d = 4 gauge theories in curved spacetime [9] . In other words, in the vicinity of constant curvature BH, Gross-Neveu model tends to become free theory. This effect (inducing of asymptotic freedom by BH curvature) may have the important cosmological applications.
Note finally that it it not difficult to generalize above construction for asymptotically free supersymmetric theories. One can consider conformal theories with dilatonic supergravity [4] or supergauge theories with dilatonic supergravity. One may expect that BH solutions in such theories may not only lead to induced asymptotic freedom but also to dynamical supersymmetry breaking.
